Suppose A is a bounded normal operator on the Hubert space H. Then the extreme points of the closure of the numerical range are in the spectrum of A. This follows because the convex hull of the spectrum is the closure of the numerical range and because the extreme points of the convex hull of a compact set are in the compact set. The object of this note is to point out that more can be said about the extreme points of the numerical range itself. Namely Theorem. For normal operators the extreme points of the numerical range are in the point spectrum.
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Suppose A is a bounded normal operator on the Hubert space H. Then the extreme points of the closure of the numerical range are in the spectrum of A. This follows because the convex hull of the spectrum is the closure of the numerical range and because the extreme points of the convex hull of a compact set are in the compact set. The object of this note is to point out that more can be said about the extreme points of the numerical range itself. Namely By the spectral theorem for normal operators, A is unitarily equivalent to a multiplication on L2(X, p) by a function a(x) in LX(X, p) where (X, p) is some finite measure space. That is, after a change of notation, H=L2(X, p) and (Af)(x) =a(x)f(x) for all / in H.
Because we have assumed that the numerical range of A is contained in the closed right-hand half plane and since the closure of the numerical range includes the spectrum, Re a(x)^.0 a.e. Suppose 0 is not an eigenvalue. Then \a(x)\ >0 a.e. Let £1= {x in X; Im a(x) èO} and E2= {x in X; Im a(x) <0J. Then because 0 is an extreme point of W(A) there is an/ in H with ||/|| = 1 such that (4/,/) = 0= f a(x)\f(x)\2 dp = f a\f\2dp+ f a\f\2dp we have the two points Xi, X2 in the numerical range, both on the imaginary axis, with 0 as an interior point of the line segment which joins them. This contradicts the assumption that 0 is an extreme point of the numerical range. Therefore 0 is an eigenvalue and the theorem is proved.
As an example consider the Hubert space Li(X, p) where X is the closed unit disc and p is the two-dimensional Lebesgue measure. Let A be the normal eigenvalue free operator (Af)(z) = zf(z).
Since the spectrum of A is the closed unit disc and hence is the closure of the numerical range, without computation one may conclude that the numerical range is exactly the open unit disc.
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